Abstract-This paper proposes a new expression of frequency transformation for state-space digital filters. The proposed frequency transformation has the property of preserving the controllability Gramian and the observability Gramian of prototype state-space digital filters. This property shows that the proposed frequency transformation preserves the useful realizations of prototype digital filters such as minimum roundoff noise realizations, balanced realizations and limit cycle free realizations. Moreover, it is proved that the proposed frequency transformation retains an important inequality property with respect to the norm of the state transition matrix of limit cycle free digital filters. These results are derived from a modified formulation of Mullis and Roberts' frequency transformation and balanced realizations of allpass filters.
I. INTRODUCTION
State-space digital filters are known to be very effective and elegant technique for synthesis of optimal digital filters with respect to quantization effects such as roundoff noise, coefficient sensitivity and limit cycles. Until now, many methods have been proposed to give the optimal realizations which attain high-accuracy digital filters [1] - [5] . In these methods, the controllability Gramian and the observability Gramian play central roles since they are used for analysis and minimization of the above-mentioned quantization effects.
Frequency transformation is a very useful and straightforward technique for design of frequency selective digital filters [6] . In Ref. [7] , Mullis and Roberts expressed the frequency transformation in state-space form, and by using this formulation they revealed an important property that the minimum attainable value of roundoff noise in 1-D digital filters is constant under any frequency transformation. Using this property, the authors proposed high-accuracy variable digital filters [8] .
This paper investigates other significance of Mullis and Roberts' formulation of frequency transformation. The purpose of this paper is twofold. One is to propose the frequency transformation which preserves the controllability Gramian and the observability Gramian of prototype statespace digital filters. The other is to show that this Gramianpreserving frequency transformation also preserves some useful realizations of state-space digital filters, such as balanced realization, minimum roundoff noise realization, and limit cycle free realization. Especially we focus on the limit cycle free realization, and prove that our Gramian-preserving frequency transformation retains an important inequality property with respect to the norm of the state transition matrix of limit cycle free digital filters. These results will be achieved by a slight modification of Mullis and Roberts' frequency transformation and balanced realizations of allpass filters.
II. PRELIMINARIES

A. State-space digital filters and Gramians
For a given N -th order stable transfer function H(z), the state-space digital filter is expressed by the following statespace equations:
where u(n), y(n) and x(n) are the scalar input, the scalar output and the state vector with the size of N × 1, respectively, and A, b, c and d are coefficient matrices with appropriate size. The coefficients (A, b, c, d) and the transfer function H(z) are related as
where I N is the N × N identity matrix. In this paper, the state-space filter (A, b, c, d) is assumed to be controllable and observable. For the state-space filter (A, b, c, d), the solutions K and W of the following Lyapunov equations are called the controllability Gramian and the observability Gramian, respectively:
These Gramians K and W are symmetric and positive definite because the state-space filter (A, b, c, d) is assumed to be stable, controllable and observable. In the literature of signal processing, the controllability Gramian and the observability Gramian are also called the covariance matrix and the noise matrix, respectively, and they play crucial roles in analysis of quantization effects of digital filters. The transfer function H(z) is invariant under nonsingular transformation matrices T of the state: if x(n) is transformed into T −1 x(n), then the new state-space fil- 
B. Frequency transformation and its state-space formulation
Frequency transformation [6] is a variable substitution
) from a prototype transfer function H(z). The function 1/F (z) for this transformation is defined as an Mth order stable allpass filter of the form
If the order of H(z) is N , then the order of H(F (z))
is MN. The above-mentioned technique allows us to design frequency selective digital filters with various magnitude responses from a prototype lowpass digital filter. The typical frequency transformations are lowpass-lowpass, lowpass-highpass, lowpass-bandpass and lowpass-bandstop transformations. In these cases, the order M of 1/F (z) is 1 for lowpass-lowpass/lowpass-highpass, and 2 for lowpassbandpass/lowpass-bandstop. Fig. 1 illustrates examples of lowpass-lowpass and lowpass-bandpass transformations. In Ref. [7] , the following important lemma is established for the formulation of H(F (z)) in terms of the state-space equations.
where I M is the M ×M identity matrix. Then, the composite filter H(F (z)) is described in state-space form by
where I MN is the MN × MN identity matrix and the coefficients A, b, c and d are given as
In the above equations, ⊗ denotes the Kronecker product for matrices. Ref. [7] also describes the controllability and observability Gramians of the composite state-space filter (A, b, c, d), as stated in the following lemma. Lemma 2: Let (K, W ) be the controllability and observability Gramians of a prototype state-space digital filter (A, b, c, d) . Similarly, let (K, W ) be the controllability and observability Gramians of the composite state-space digital filter (A, b, c, d ) given in Lemma 1, i.e.
Then, K and W are respectively related to K and W as
where Q and its inverse Q −1 are respectively the controllability and observability Gramians of the allpass filter (α, β, γ, δ), i.e.
III. GRAMIAN-PRESERVING FREQUENCY
TRANSFORMATION
This section presents a formulation of frequency transformation which preserves the Gramians of prototype statespace filters. To this end, we first need to give the following two lemmas which are the modified versions of Lemmas 1 and 2, respectively. Lemma 3: Let (A, b, c, d ) and (α, β, γ, δ) be state-space representations of H(z) and 1/F (z), respectively. Then, the composite filter H(F (z)) can be described in state-space form as follows:
where
Lemma 4: Let (A, b, c, d ) be a state-space representation of H(z) and let (K, W ) be the controllability and observability Gramians of (A, b, c, d) . Similarly, let ( A, b, c, d ) be the composite state-space filter given in Lemma 3 and let ( K, W ) be the controllability and observability Gramians of ( A, b, c, d) , i.e.
where Q and Q −1 are given as (17) and (18), respectively.
The proofs of the above two lemmas are omitted here since they can be respectively proved in a similar way to the proofs of Lemmas 1 and 2 given in [7] . Lemma 4 shows that K = I M ⊗ K and W = I M ⊗ W hold if Q = I M . This means that, if the allpass filter (α, β, γ, δ) is a balanced realization, Q = I M holds and the Gramians K and W of the composite filter become block diagonal with M diagonal blocks all equal to K and W , respectively. Therefore, this frequency transformation preserves the Gramians of prototype state-space filters with multiplicity M . Consequently, we present the following theorem.
Theorem 1: Let (A, b, c, d) and (α, β, γ, δ) be statespace representations of a prototype filter H(z) and an allpass filter 1/F (z), respectively. Also, let K and W be the controllability and observability Gramians of (A, b, c, d), and let Q be the controllability Gramian of (α, β, γ, δ). Now, consider (Λ −1 αΛ, Λ −1 β, γΛ, δ) as an equivalent state-space realization to 1/F (z), where Λ is any nonsingular matrix satisfying ΛΛ t = Q so that (Λ −1 αΛ, Λ −1 β, γΛ, δ) is a balanced realization. Then, the following frequency transformation
preserves the Gramians of prototype filters, i.e. the Gramians K and W of ( A, b, c, d) are respectively given by the following MN × MN block diagonal matrices
Remark 1: Ref. [7] discusses the Gramian-preserving frequency transformation in the simplest case: lowpass-lowpass transformations. On the other hand, Theorem 1 considers the general case and thus our result is applicable to any frequency transformation.
IV. REALIZATIONS OF STATE-SPACE DIGITAL FILTERS UNDER FREQUENCY TRANSFORMATIONS
This section shows that our Gramian-preserving frequency transformation of Theorem 1 preserves some useful realizations of prototype filters such as minimum roundoff noise realizations, balanced realizations and limit cycle free realizations. In addition, it is proved that our Gramianpreserving frequency transformation retains the inequality property with respect to the norm of the state transition matrix of limit cycle free digital filters.
A. Preservation of minimum roundoff noise realizations
Minimum roundoff noise realizations are known to be the optimal structures of digital filters with respect to roundoff noise under L 2 -norm scaling constraint [1] , [2] . A statespace filter (A R , b R , c R , d R ) is said to be a minimum roundoff noise realization if and only if its controllability Gramian K R and observability Gramian W R are given as
where the constant ρ 2 is given by
are called the second-order modes of the filter H(z), which are defined as the positive square roots of the eigenvalues of the matrix product of the controllability and observability Gramians [1] , [7] .
Applying Theorem 1 to the above realization yields the Gramians K R and W R of the composite filter as the following MN × MN block diagonal matrices
Therefore, Eqs. (36) and (37) show that our Gramianpreserving frequency transformation preserves minimum roundoff noise realizations of prototype filters.
B. Preservation of balanced realizations
Balanced realizations are known to be the optimal structures of digital filters with respect to statistical coefficient sensitivity [5] . In the literature of control theory, they play central roles in the balanced model reduction [9] , [10] .
A balanced realization (A B , b B , c B , d B ) has the controllability Gramian K B and the observability Gramian W B of the form
As in the case of minimum roundoff noise realizations, applying Theorem 1 to a balanced realization yields the Gramians ( K B , W B ) of the composite filter as the following MN × MN diagonal matrix
Therefore, it follows that our Gramian-preserving frequency transformation preserves balanced realizations of prototype filters.
C. Preservation of limit cycle free realizations
Limit cycle free realizations are digital filter structures which are free of autonomous overflow limit cycles and truncation limit cycles after addition. In Ref. [3] , the authors proved that a state 
for any positive definite diagonal matrix D. In this case, the coefficient matrix A L has the following property:
It is easy to see that the minimum roundoff noise realizations and the balanced realizations satisfy the condition (40). Moreover, for the minimum roundoff realizations D = ρI N holds and the matrix inequality (41) is simplified to
or equivalently
Similarly, for the balanced realizations D = I N holds and consequently the inequality (43) holds as well. This argument shows the absence of limit cycles in the minimum roundoff noise realizations and the balanced realizations. Now we are ready to show that our Gramian-preserving frequency transformation preserves the limit cycle free realizations and retains the inequality property with respect to the norm of A L . Applying Theorem 1 to a state-space filter
From (40) and (44), it follows that
where we let D = I M ⊗ D and we used the fact that (A ⊗ B)(C ⊗D) = (AC)⊗(BD). Equation (45) shows that our Gramian-preserving frequency transformation preserves the limit cycle free realizations of prototype filters. Moreover, in the case of D = ξI N where ξ is any positive constant, the matrix D in (45) is simplified to ξI MN and consequently the following inequality holds:
This result shows that our Gramian-preserving frequency transformation retains the inequality property with respect to the norm of the state transition matrix of limit cycle free digital filters.
V. CONCLUSION
This paper has derived a new expression of frequency transformation for state-space digital filters. Our frequency transformation preserves the controllability and observability Gramians of prototype state-space filters. Furthermore, it has been proved that our frequency transformation preserves useful realizations of digital filters and retains the inequality property with respect to the norm of the state transition matrix of limit cycle free digital filters.
Our result enables us to easily synthesize various kinds of frequency selective state-space digital filters keeping the same realization as that of prototype state-space filters. In order to achieve this, the conventional theory first requires design of H(F (z)) from H(z), and then needs another synthesis process for appropriate construction of the Gramians of the composite state-space filters. On the other hand, our proposed frequency transformation saves these tedious tasks and thus facilitates synthesis of many useful state-space filters.
